Appendix: Checking the validity of Alm’s functional estimate
To ensure accuracy, we checked our computations of 𝑓(𝑛) (eq. 4) and found them to
match exactly the values given in Alm [41]. However, when we plotted values for a wider range
of input (fig. A1), it became clear that the estimation function does not yield valid probability
estimates everywhere. Logically probability values must fall between 0 and 1, but the calculated
value of 𝑓(𝑛) was less than zero in several regions. Also, since the objective is to estimate
𝑃(𝑁 ≥ 𝑛), probabilities should decrease monotonically with 𝑛. From our calculations, however,
it became clear that this is the case only for values above the last local maximum (shaded area in
fig. A1). The examples provided by Alm [41] all fall within this range. To support a robust
interactive software environment where parameters are controlled by user input, however, it is
necessary to be able to handle input parameters that fall outside of this range.

Figure A1:

Functional form of 𝑓(𝑛). Values shown are for 𝑎=100, A=2500,
=0.4. Shaded area represents valid range of estimates of 𝑃(𝑁 ≥ 𝑛).
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A simple approach is suggested by the functional form of 𝑓(𝑛). Let 𝑛∗ denote the last
value of 𝑛 for which 𝑓(𝑛) is a local maximum. Since 𝑓(𝑛∗ ) ≈ 1 and 𝑓(𝑛) provides accurate
estimates for values of 𝑛 > 𝑛∗ , it seems reasonable to estimate 𝑃(𝑁 ≥ 𝑛) as:
𝑃(𝑁 ≥ 𝑛) ≈ 𝑔∗ (𝑛) =

1
|
𝑓(𝑛) |

𝑛 ≤ 𝑛∗
𝑛 > 𝑛∗

Computationally, this requires determination of the value of 𝑛∗ , which occurs at one of the
solutions to 𝑓 ′ (𝑛) = 0. Unfortunately, the analytic solution to the derivative is intractable.

Figure A2: Relationships between 𝑓(𝑛), 𝜇(𝑛) and 𝛾(𝑛).

Another approach is discovered by examining the relationships between 𝑓(𝑛), 𝜇(𝑛) and
𝛾(𝑛) (fig. A2). Let 𝑛∗∗ denote the value of 𝑛 at which the maximum of 𝜇(𝑛) occurs. We observe
that 𝑛∗ > 𝑛∗∗ , and furthermore 𝛾(𝑛) = 0 for some value of 𝑛 between 𝑛∗∗ and 𝑛∗∗ + 1. From
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this, it can be deduced that 𝑓(𝑛) increases monotonically between 𝑛∗∗ + 1 and 𝑛∗ . If we can
determine the value of 𝑛∗∗ , the probability 𝑃(𝑁 ≥ 𝑛) can be estimated as:
𝑃(𝑁 ≥ 𝑛) ≈ 𝑔∗∗ (𝑛) =

𝑓(𝑛)
1

𝑛 > 𝑛∗∗ + 1 and 𝑓 ′ (𝑛) < 0
otherwise

|
|

The value of 𝑛∗∗ is a solution to:
𝜇′(𝑛) = 0
Determining the derivative and simplifying yields:

𝜓(𝑛∗∗ ) −

𝜆𝑎
(𝑛∗∗ )2 (1 −

𝜆𝑎
𝑛∗∗ )

− 𝑙𝑛(𝜆𝑎) = 0

where 𝜓 is the Digamma function and 𝑙𝑛 is the natural logarithm. Substituting the Digamma
function with the approximation given by Muqattash and Yahdi [47] using a parameter value of
0.5 yields:
𝑙𝑛 (

𝑛∗∗ + 0.5
1
) − ∗∗
=0
𝜆𝑎
𝑛 − 𝜆𝑎

The solution can be determined using Newton’s method.
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